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Abstract
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Forn = 0,1,2,... let T, = >}, (Z) (n) nd S, = > . 0( )(2:)(227?“) Then

{T,,} and {S,} are Apéry-like numbers. In this paper we obtain some congruences and
pose several challenging conjectures for sums involving {T,,} or {S,}.
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1. Introduction
In 1979, Apéry [1] introduced the Apéry numbers {A,} and {A] } given by
n 2 2 n 2
n\“(n+k n\"(n+k
A, = d A = :

It is well known that (see [3])

(n+1)3A4,1 =2n+1)ATn(n+ 1) +5)A, —n4,1 (n>1),
(n+ 124, = (n(n+1) + 3)A, +n?Al,_, (n>1).

Let Z and ZT be the set of integers and the set of positive integers, respectively. The
first kind Apéry-like numbers {u,,} satisfy

(1.1) wp=1, ug = b, (n+13ups1 = 2n+ )(an(n+1) + b)u, — cn®up_y  (n > 1),

n=3 (1) (1) (5 23)
-5 (D)
(1))

where [z] is the greatest integer not exceeding x. Then {4,}, {D,}, {b,} and {T,,} are
first kind Apéry-like numbers with (a, b, c) = (17,5,1), (10,4, 64), (—7,—3,81), (12,4, 16),
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respectively. The numbers {D,,} are called Domb numbers, and {b,} are called Almkvist-
Zudilin numbers. For {A4,}, {D,}, {bn} and {T,} see A005259, A002895, A125143,
A290575 in Sloane’s database “The On-Line Encyclopedia of Integer Sequences”.

In 2009 Zagier [34] studied the second kind Apéry-like numbers {u,} given by

(12) w=1, uy=>b and (n+1)*uny1 = (an(n+ 1) + bu, — cn’u,_1 (n > 1),

where a,b,c € Z and ¢ # 0. See [5,34]. Let

ne () = () ()
e S A e () B
w06 e

> (1)) (e

In [34] Zagier stated that {A]}, {fn}, {Sn}, {an}, {@n} and {W,} are second kind Apéry-
like sequences with (a, b, c) = (11,3, -1), (7,2, —8), (12,4, 32), (10, 3,9), (—17, -6, 72), (-9,
—3,27), respectively. The sequence {f,} is called Franel numbers since Franel [8] intro-
duced it in 1894. In [11,25] the author systematically investigated identities and congru-
ences for sums involving S,,. For {AL}, {fn}, {Sn}, {an}, {Qn} and {W,} see A005258,
A000172, A081085, A002893, A093388 and A291898 in Sloane’s database “The On-Line
Encyclopedia of Integer Sequences”.

Apéry-like numbers have fascinating properties and they are concerned with Picard-
Fuchs differential equation, modular forms, hypergeometric series, elliptic curves, series for
%, supercongruences, binary quadratic forms, combinatorial identities, Bernoulli numbers
and Euler numbers. See for example [4,5,6,10,13,16,18,24,27,29,30].

Throughout this paper, H, = >_p_, 1 for n € Z*. For a € Z and given odd prime
p let (3) be the Legendre symbol and gy(a) = (aP~! —1)/p, and let Z, be the set of
ratlonal numbers whose denominator is not divisible by p. For positive integers a,b and
n, if n = ax? + by? for some integers = and y, we briefly write that n = ax? + by?.

In Section 2 we find new expressions for T},, and show that for any prime p # 2, 3,7,

Bl
< o

W

p—1

T,—1 =161 (mod p?), Z(?n +4)T,, =4p (mod p?),
n=0
= T, s = T,
Z(Qn +1) (—Z)" =(-1)"Z7 p (mod p?), Z(2n + 1)4— =p (mod p?),

n=0 n=0
ZT _{4:1: —2p (modp?) ifp=1,2,4 (mod 7) and sop = 2>+ Ty,

mod p?) if p=3,5,6 (mod7)



4x2—2p—4p— (mod p3) if4|p—1 and so p = 22 + y* with 2}z,
x

2475 p2<P3 -2

n=0 —— pz3> (mod p3) if4|p—3.

In addition, we pose challenging conjectures for

p—1 p—1 T p—1 T p—1 T

3 n 3 n 3 n 4
nZ:OTn (mod p~), nzzow (mod p~), nzzo 1y (mod p~), ;(2n+ 1)(_4)n (mod p*),
p—1 p—1 T p—1 T
Z(?n +4)T,, (mod p°), Z(?n +3)—  (mod p°), Z(Qn +1)=2  (mod p°)
n=0 n=0 16" n=0 4

and some conjectures on congruences involving {A,}, {D,} and {b,}.
In Section 3 we prove that for any odd prime p and x € Z, with (1 — 8z + 3222)(1 —
3222%) # 0 (mod p),

p—1 9 Pl o _ _ k
N2 _ z(1 —4x)(1 — 8x)
(1.4) (2 siet) _Z<k>5’“< (1 - 3222)? ) (modp),
k=0 k=0
which is the p-analogue of the following identity in [5]:
> 2 1 >, [2k z(1 —4x)(1 — 8x)\*
k)" _
(15) (kzzos’“x> _1—323:2;::0(/@)5’“( (1 — 3222)2 > ‘

For any prime p > 3 we also show that for x € Z, with 2% + 1 # 0 (mod p),

k=0

8 3 p

n=»

In addition, for any prime p > 3 we show that

p—1
Sp_1 = (—1)%(1 +52P71 —1)) (mod p?) and Z nSn _

2. Congruences for sums involving {7}

T, :Z:) <Z>2<2?f>2 (n=0,1,2,...)

k

Recall that

and
(n+ 1Ty = (2n + 1)(12n(n + 1) + 4T, — 160°T,—1  (n > 1).

The first few values of T;, are shown below:

To=1, Ty =4, Ty = 40, T3 = 544, Ty = 8536, Ty = 145504, Ty = 2618176.



Theorem 2.1. Forn=0,1,2,... we have
. _["fl 2N\ 2 (4K (n + 2k 4Hk_2”: n\ (R e
" k) \2k)\ 4k - )\ k b
k=0 k=0
Proof. Set T, = S22 (292 (4) (2K) 402k Then T} = 1 = T and T} = 4 = T}.

Using sumtools or Zeilberger’s algorithm in Maple (see [17]) we find that (n+1)%T}, ; =
(2n+1)(12n(n+1)+4)T! —16n3T_, (n > 1). Thus T,, = T/, as claimed. By [25, Theorem

2.1],
0 0 if 24 n,
kzo (0(—%’“ - { 41“<n7;2>2 if2] n.

By [26, Theorem 2.2], for any sequence {an}, > 5_q (}) ("Zk) (ak — (=) Rk Sk (f) a,,) =
0. Now setting a,, = (75# we see that

(00

2 @) (e
n/ 19 o 2k 9
<2k>< S 2 ()

A n+2k) 126\ 1 [”f 26\ (4R (n+ 28\ o
21<: 2k J4%k\ k) (-4 L 2k 4k

N O

??‘
O

or%

This completes the proof.
Corollary 2.1. For |z| < } we have

L (2K 4k x o\
ZTx 1—43:Z<k‘> (2k>((1—4m)2> '
Proof. By Theorem 2.1 and Newton’s binomial theorem,
00 n/2]

n n+ 2k n—2k_n
y =22 (1) () (1)
n=0 n=0 k=0

2k > (n+ 2k ok
(1) )= 2 (5
0 n=2k
2k ok o= (4K + 7 y
(1) )= (e
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This is the result.
Theorem 2.2. Let p be an odd prime, x € Zy and (4dz — 1)(4x + 1) # 0 (mod p).
Then

S =5 () () 5= 2 (0) () (i)™ oo

k=0

Proof. By Theorem 2.1, Y7, (}) (”zk)(_‘g—f)k = (_TW. Thus applying [25, Lemma 2.4]

gives

<?>Q1fkaé%kE§iI%ﬂ"<mwﬁ>ﬁﬂu¢1<mwpy

il
[en) ==

Replacing u with —4z yields

Z_: "= z_: (2:) ((14_‘/10456)2)165';C (mod p).

From [25, Theorem 2.6] we see that

pi <2:> (m)

k=0

p—1
T 2k
¢ >< () e
k=0
Thus the theorem is proved.

Corollary 2.2. Let p be an odd prime. Then

L T, _{4m2 (mod p) ifp=1,3 (mod 8) and so p = z* + 2y,
(

nz:;) (=4 ~ 1o (mod p) ifp=>5,7 (mod 8),

p! T, {43:2 (mod p) ifp=1,2,4 (mod 7) and so p = x> + Ty?,
( )

:0@: 0 (mod p) ifp=3,5,6 (mod7).

Proof. It is easy to verify the results for p = 3,7. Now assume p # 3,7. By Theorem

2.1,
5 S8 O (o

n=0 n=0 0

k=
el 2k 4k LA (k2R
=2 16+ 2 e )V
k=0 n=2k




Since

p—1 p—1-2k p—1-2k
n+ 2k neok 4k +r 4k -1
> (Mw e ()= ()
n=2k r=0 r=
p—1—2k
_ p—1—4k _ op—1—4k _ 1
= ; < . ) =2° = Tok (mod p),

combining the above with [14, Theorem 4(3)] gives the first result. Taking x = {5 in
Theorem 2.2 gives

— T, _p* Qk) (4k:)
Z?: R (mod p).

Now applying [23, Theorem 5.2] ylelds the second result.
Theorem 2.3. Let p be an odd prime. Then T,_1 = 167! (mod p?).
Proof. Clearly the result holds for p = 3. Now assume p > 3. By Theorem 2.1,

(p—1)/2 (2k> <4k> (p -1+ 2k> 12k
4k
k=0

(p— 1)/2

_ -1 p+2k—1D)p+2k—2)---(p+Lpp—1)---(p—2k) 1 o
=471 4 Z A 4P
(p— 1)/2
s Tp Z 12) T (P2 - (2]‘3)2) . gp—1-2k
(2k +p) - kM
(p—1) /2 (p-1)/2 2k\ 2
_ 4}7 1 Z Qk - ) (2k) 4p—1—2k — 4p—1 + 4p—1p Z 2k - P (k)
- — (4k2 — p?) - k!4 - — 4k2 16~
1 (r—1)/2 ( )2 p(p—l)/2 ( 2
_ p—1 —1 3
=T p(i > 165k 4 16’%2) (mod p7).
k=1 k=1
By [33, Theorem 4],
(p—1)/2 ( ) (p—1)
1—-16 2
k
Z 165 k2 = _5( D > (mod p)
k=1
(p—zli/Q (2]5) 1—16-(-1 p(l o 16—(]0—1))2 (mod 2)
k - —— mod p?).
P 16Fk — P 2 P
Clearly,
1-16@D @ -1+ 1) -1 627 —1)2 + 420 1)
P 16P—1p o 16P—1p
_ 4gp(2) + 6qu(2)2 _ 49p(2) + 6pgp(2)*
(1 + pgp(2))* 1+ 4pqy(2)

= (1 — 4pqy(2))(4gp(2) + 6pgy(2)°) = 4gp(2) — 10pgp(2)*  (mod p?).
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Since 4771 = (1 + pgy(2))? = 1 + 2pqy(2) + pq,(2)? we deduce that
Tp—1 =1+ 2pgy(2) + p?qp(2)* + p(1 + 206, (2)) (24, (2) + pap(2)?)
=1+ 4pg,(2) + 6p%qp(2)* = (1 4 pgp(2))* = 16771 (mod p®).

This proves the theorem.
Theorem 2.4. Let p be a prime with p # 2,7. Then

pz%T _{4372—2]3 (mod p?) ifp=1,2,4 (mod 7) and so p = x> + Ty?,

2 o
= 0 (mod p*) if p=3,56 (mod7).

Proof. Since p | ( ) for L <k<pandT, =), (2)2(2:)2 => 0 (2:)2(nfk)2, we
see that

S-S () S0

n=0 k=0 k=0 n==k
9\ 2P 1-k k (r—1)/2 N2 Ko kN2 (p—1)/2 9%\ 3
SO S -2 () e
r=0 k=0 r=0 k=0

Now applying [23, Theorems 3.3 and 3.4] yields the result.
Theorem 2.5. Let p be a prime with p # 2,3,7. Then

p—1

Z(?n +4)T,, = 4p (mod p?).
n=0

Proof. Since p | ( ) for £ < k < p we see that

:z:](ﬁz +4)T, = :z;é(m +4) kzno (2:> 2 <n ﬁ k>2

_pi <2k)2:z;1 7n+4)(nﬁk>2

7



S o)

r=0

= 5 (2:) Z(?k: +4+7r) <]:> 2 (mod p?).

r=0

It is well known that (see [9, (3.77)-(3.78)]) S5 —0 (k”)2 = (Qkk) and Zfzor(f)Q
Thus,
k

S (Th+ 4+ 7r) (fj>2 — (Tk +4) (215:) + 72]‘:(2:) - m; i (1’“)

r=0

Hence

p—1

Z(?n +4)T,

n=0
(p—1)/2

=0 =0

By [28, Theorem 1.3], Zi;é(ﬂk +8) (215)3 = 8p (mod p*). Thus the result follows.
Theorem 2.6. Let p > 3 be a prime. Then

p—1

T,
Z(?n + 1)4— =p (mod p*).
n=0
Proof. By Theorem 2.1,
p—1 p—1 [n/2]

T, 2k\ 2 (4k\ (n+ 2K\ o
m+1)2 =3 "(2n+1 4
nz:()< " >4n nzO( " )k:0<k> (Qk)< Ak >

Using induction one can easily verify that

p—1
n+ 2k p(p—2k) (p+ 2k
2 1 ="
ng;k(”+ )< 4k ) ok +1 \ 4k

@ -1)e-2%) (0 - (2k)°)

T2k +1 (4k)!
Thus,
= PSP (P — 1) 22 (R — (20)?)
nzo(zn +1 ;0 165 2k+1 (4k)!
- (p—1)/2 p? | (p? — 12)(p? — 22)--- (p? — (2k)?)
- 16F(2k + 1) k!4

Z <2k> Z Th + 4+ r) <T>25 . pi/z 21k + 8) ( ’“) (mod p?).
r=0



—1)/2
(r-1)/ p?

5 (32 (LRI - YR )
3 14
£ 16 (2k + 1) k!
(p—1)/2 (2k 2 9 2k
)P A 5
— 11— = d p°).
kz::o 16% (2% + 1)( b ; z?) (mod p7)
-11 _
It is known that (see [12] or [19, Corollary 5.1]) >-7" 5 = 0 (mod p). Thus,
p-1 = (3 2 p? 2 T 2%
T e (p—1 2 ( ) 4
(2 — = =16 —_— d .
nz% nt g kz:: 2k:+1 (p21>p+p216k(2k+1) (mod p)

By Morley’s congruence (see [31, Lemma 2.2]) , ((pp 1)1/2)
p—3 2k\2

[31, Theorem 1.2] we know that ), 2, WIZH) = —2¢,(2) — pgp(2)? (mod p?). Thus,

(— 1)107_147’_1 (mod p?). From

p—1

T, _
2(271 + 1)4—2 = 4P~ 1y — 2qp(2)p2 — qp(2)2p3 =p (mod p*).
n=0

This proves the theorem.
Theorem 2.7. Let p > 3 be a prime. Then
p—1 T B
Z(Qn +1)—2 = (=) p (mod p*).
n=0 (_4)n

Proof. By Theorem 2.1,

-l T, % R kN2 (4R [n 2K\

§(2n+1)(_4)n:§(2n+1)(—1) kz()(k) <2k)< Ik >4 2k
(p=1)/2 (2k\2 r4ky p—1

- ¥ (k36£2k) Z(2n+1)(—1)”<"1k2k>.

k=0 n=2k

v [29, (3.5)], P b (2n + 1)(=1)"("32*) = (p — 2k) ("37¥). Thus,

2 (%) () p+28\ = (W) p? = 12)0? —22) - (0 — (2K)?)
_ k) \2k (p—2k)< ) k16k2k i o

p2—12)(p2 —22) (pF — (2k)%) "Xk - Y2 L)




ey
ko = (=1) 2 (mod p?). Thus the result

From [14] or [21] we know that Z,(f:_(]l)/2 TG

follows.

The Bernoulli numbers { B}, Euler numbers {E,,} and the sequence {U,} are defined
by

n—1
By =1, <Z>Bk:0 (n>2),
2,
EO = 1, En = - < )En—Qk: (TL > 1)5

Up=1, U,=-2 <">Un2k (n>1).

For congruences involving By, E,, and U, see [19,20,22].
Theorem 2.8. Suppose that p is an odd prime. Then

2
1 pgl p? p?
1—fE,>E42—2 _ d p
b1 2p‘1(p41>( g Fra) S48 20 s (modp)

== if4|p—1 and so p=z* + y* with 2} z,

4n
n=0

p2 P=3\ ~
—= <p23> (mod p3) if4|p—3.
1

4

Proof. By Theorem 2.1 and [9, (1.49)],

plTn_p”"f 2\ (4R (n+ 2K o
dn - i\ k) \2k)\ 4k

n

g RRE (- E G

k=0 n=2k k=0
CUEEED  p P02 (P (2
prt 16* Ak +1° (4k)!
B (p—1)/2 » . (p2 . 12)(]92 B 22) . (p2 _ (2/6)2)
i CCLEY) i :

Thus,



If k = 271 then 4k+ 1=pand Zl 1= Zgi_ll)ﬂ Z% =0 (mod p) by [19, Theorem 5.2].

1
If k€ {0,1,..., 5= }andk;&p— then p t 4k + 1. Thus,
p=l —-1)/2 Zk)
2.1 d p?).
1) SLS G e

By [21, Lemma 2.2], for k =1,2,..., 21

— 2k k
(”212]: k) - (—(fﬁ))k <1 _pzl;(zi_ll)z) (mod p*).

Thus,
2k p—l
(%) — +k 2
L6 (1)( ><1+ 22_1 ) (mod p*)
Therefore,
p—1 &
47’L
n=0
(p—1)/2 2k (p— 1)/2 k
-y e AN <1+p22;>
SR CAC RSV ok )ik (20— 1)2
(mod p?) if p=3 (mod 4),

k
3 (e kc**)
Yt

(pkzl)f () (7,

N s A L
_|_p2<p?1>(—1)4< pet ) Z m (modp ) ifp=1
\ 1=1

4 2

From [9, (3.100)] we know that

(mod 4).

(2.2) zn: <2:>(_1)k<n2-|];k>$+n (1) (x—1)(x—2)(x—n)

— T+ k

Thus,

i+
GGGt 3T (2p )
D G- 15 ()
@ =2)p* =6 - (0 = (p=3)) (mod 4),

p(p2 —42)(p2 —82) - (p? — (
P’ —4)p*—8) -’ - (=37 . _
P2 —22)(p2 —62)--- (P2 — (p— 5)9) ifp=3 (mod 4).

rz+1)(z+2)---(x+n—-1)



If p=3 (mod 4), from the above we see that

p_lﬁz D (p_zl%/Z o (_1)k %4»]{ 2p—1
= 9p—1 k o% )ak+1

n=0 k=0

_ P ()8 (—(p -3

T 1 ()6 (—(p - 5P)

I A O Bt ) A A C R G oD
2p—1 (2-4---(p—3))2 2p-—1 (2" (25212
p2 % -~ p2 % - 3

= p—3 =-—— 0 i

“me () =) e

If p=1 (mod 4), from the above we see that
g (”_zli” Y iy 2=l kN (2p— 1)p
Lo Top—1 £ \k 2% Ak + 1

N N I
2 2 == 4
()7 (0h) X m

=1

_ 1 -2 -6 (0~ (p—3)%)

=1 (=)&) (7~ (- 5)°)
p—1 _, /3=D)y (P-1)/4 1

2 2\ 1 1

o <p41)( b () 2. Groip

2
126 (-3 (1 - P

)

Tl a8 (-5 - V)

% - 3(174—1) (r—1)/4 1 ;
2 p—1
+p < —1) (_1) 4 < p—1 > (2k — 1)2 (mOd p )

(p—1)/4 (p—1)/2 (p—1)/4 1

1 1
2@t e e T et

k=1 k=1 k=1

Now, from the above we deduce that

Cr, 1 2o
4" T 1—=2p 4282 (p—5)2- (L +p2(1— 1B, 3))

PN gy (T
—p2<p_1)(—1)4( b1 >Ep_3 (mod p?).

n=0

2

4

It is clear that

22.62..-(p—3)2 22.42...(p—3)> 72p—3.(@)!2

P (po3f T @S5 5 (5O

12



SESRYES N S 6
— . — — _ _1
22p—10 64 (T1)|4 op—1 pT
and
2
1+ 5 Eps p? 1 1
1+p*(1 — 1E,-3) <+4 =3 P 4 3 p 5 Ep-3) (mod p”)
3(p—1) p=1_ p—1 p_1 =1
By [21, Lemma 2.5], ( 5 )= ( 2,57 ) = (=1)"7 (,%,) (mod p). Thus,
2 4 1
p—1 2 ,p—1\ 2 12
T, 1 (p—1)2 /%2 1 p-1
o ( zp—l) ( 31) <1 —p2<1 - §Ep—3)) —p2<,ﬁl) Ep3
=0 P KR T
1 /et ? 1 p=1y 2
_ 2 5
4 1
2
_ L P’ ;
= o1 (T) (1= 5 Ep-s) (mod p°)

Suppose p = 22 4+ y? with 2 = 1 (mod 4). By [7, Theorem 3],
p—1 2 2
o\ _ p P 1 p

This yields

p—1
- 1 T 1 1
7\ _ 2 2 3
(4) =20+ p(0p(2) — - ) + 2 (FCBps — D) — L0p(2) — 55)  (mod p°)
Hence
p—1\ 2
1\\2 T 1 1
2 _ 2 2
<p11> = (20 +p(20(2) — ) +40r*(2Eps = 0(2)) — -0(2) — 55)
1
= 42? + p(422q,(2) — 2) + pg( —24,(2) + 22%E)_3 — —43:2) (mod p3).
Since
1 1 1 — pgy(2) + p*gp(2)? 2 v 5
= = =1—pgy(2) + p2qp(2)2  (mod p®),
9p—1 1 +pqp(2) 1 +p3Qp(2)3 pqp( ) p qp( ) ( p )
we see that
1 P’ _ 2 2 P’
(1= 5 Ers) = (1= p0,2) + 20,2 (1= L Bs)
1
=1-p0y(2) + 7 (0(2)" ~ 5Bp3)  (mod )
Therefore,
- 1.2
leTn _ <p21) 1 <1 p2E )
= o r(1— 5 Ers
an — \e=1) o 2
n=0 4



1
= (402 + p(42%5(2) = 2) + p*( ~ 205(2) + 20°Bp3 — 75 ) )
1
X (1 — pap(2) +p° <qp(2)2 - §Ep—3)>
P2
=42 - 2p— ) (mod p?).
This proves the result in the case p =1 (mod 4). The proof is now complete.

Based on calculations with Maple, we pose the following challenging conjectures:
Conjecture 2.1. Let p > 3 be a prime and n,r € Z". Then

Appr—1 = Appr—1_1 +p" Anp_lpgAn_l (mod p* 1),
Dypr—1 = 64”prfl(p*1)anr71_1 + - Dpp—1 — G;Z(P—l)pn_1 (mod p3r+1),
Topr—1 = 16”17“1(pfl)TinI_1 4 Top—1 — 122(p_1)Tn_1 (mod 1),

Remark 2.1 Let p > 3 be a prime and n,r € Z*. In 1985 Beukers [2] proved that
Appr—1 = Aypr—1-q (mod p™").

Conjecture 2.2. Let p be a prime with p # 2, 7.

(i) If p=1,2,4 (mod 7) and so p = 2% + Ty?, then

:T Z_:z(;z —2p—f; (mod p?).
(i) If p=3,5,6 (nn_lod 7), then
%pz <3[][Z/77]]>2 (mod p*)  ifp=3 (mod 7),
ZT = 20: :1];;15 24556 2({5/77]])‘2 (mod p*) ifp=5 (mod7),
7172454 2( [][f’//:]])_Q (mod p3) ifp=6 (mod 7).

Conjecture 2.3. Let p be an odd prime.
(i) If p=1,3 (mod 8) and so p = x? + 2y, then

p—1 p—1 2
E o =(-1)"= E < >32n = 4z% — 2p — 2 (mod p?).

(ii) If p=5,7 (mod 8) and p # 5,7, then

5 AN
”Z‘l L _ 15 e pz‘l <2n> Su _ ([p/8]> (mod p%) 48 ]p =5,
n=0 (_4)71 7 n=0 " 2" 52<[p/4]>2 ( d 3) f8’ -7

5P /8] mod p if8|p—7.
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Conjecture 2.4. Let p > 3 be a prime. Then

= 25
2(771 +4)T, =4p+ §p4Bp_3 (mod p°),
n=0
p—1

Th 25 4
2(7”*'3)@ =3p+ 5P 'By_3 (mod p°),
p—1

T 7
> (@2n+ 1)47 =p+ 6p4Bp—3 (mod p°),
n=0

p—1

T, p=1
Y (2n+1) (—a)yn (1) p+p°Ep 3 (mod p*),
n=0

Conjecture 2.5. Let p > 3 be a prime. Then

p—1
2(471 + 3)b, = 3p(3) +21p°U,_3  (mod p?),

p—1
bn
2(471 +3) =L = 3p<§> +14p3U,—3  (mod p*),
n=0
p—1
bn p
2(471 +1) —ary = p<§) —2pU,_3 (mod p*),
p—1 b p—1 b D
= n_—,(E 3 4
ngo(ém + 1)81” = nZZO(Zn +1) = p<3) +p°Up—3 (mod p*),
p—1
bn, P 5
Z(Qn + 1)97 = p<§) + §p3Up_3 (mod p*).
n=0

Conjecture 2.6. Let p > 3 be a prime. Then

p—1
Z(Sn +4)D,, = 4p(§) +28p°U,_3  (mod p?),

p—1

Z(?m +2)—

n=0

p—1
Z(Zn—i—l) Dn _p(g) + 5p3Up 3 (mod p?),

)
3

2(~1)"7 p+6p°E,3 (mod p?),

—~
N\

S~—
3

— (=8)"
p] D, 35
> @+t =p+p'Bys (mod p?),
p—1
D, P
2(571 + 1)@ = p(g) —2p%U,_3 (mod p*).
n=0

Remark 2.2 Let p be a prime greater than 3. In [24] the author conjectured the

15



congruences in Conjecture 2.5 modulo p®. In [30] Z.W. Sun made conjectures for

p—1 p—1 D p—1 D
> (Bn+4)Dn, DY (Bn+2)——, > (2n+1)—— (mod p?)
n=0 n=0 (_2)n n=0 (_8)71

and Zz;%)@n + 1)% (mod p*).

3. Congruences for sums involving .5,

Let {P,(z)} be the famous Legendre polynomials given by

Po(z) = Z”: <Z> <n—£k> (33 - 1)k _ 2% ["z/%] <Z>(—1)k <2n - 2k>$n_2k.

k=0 k=0

It is well known that
Py(z)=1, Pi(z) =z, (n+ 1)Ppi1(x) = (2n+ 1)zP,(x) —nP,—1(x) (n>1).

Based on the results in [25], in this section we deduce further congruences for the Apéry-

like sequence
[n/2] 2
. Qk n n—2k
=30 () ()™

k=0
We first prove the p-analogue of (1.5).
Theorem 3.1. Let p be an odd prime, x € Z, and (1 — 8z + 32z%)(1 — 3222) # 0
(mod p). Then

p—1 p—1
(% sr) =30 ()8 (U S ) et

k=0

Proof. Since Sy = 1, the result is true for z = 0 (mod p). From [15] we know that
(3.1)

4k
k=0

1

_ S _

1+2(-1)"% p?E,3  (mod p°), ?k = (-1)'7 —p*E,-s (mod pP).
0

=
|

il

Thus, the result is true for z = 1, & (mod p). Now assume z(1—4z)(1—-8z) £ 0 (mod p).
By [25, Theorem 2.13],

p—1 e 2 o 2
2k 1\ 2k 2k T 2k
k — - —
Zskx _Z<k) (4 x) Z<k> (41“—1) (mod p).
k=0 k=0 k=0
22 _ 22 p_1 2,4
Set t = 1 — (szV' Then i3t = Gz BY 21, (2.4)], P%(t) =32 (2kk) ok

(mod p?). Hence

S Sy = 3 (2/:>2(($2)2>k = Pp-a(t)  (mod p).



t 14 322°

_ 20t _ . _
By [21, Theorem 2.6], Ppgl (t) = ( (;F ))Ppgl (?—Jr';) (mod p). Since :{’—H P55, We see
that
p—1 2
20t + 1) 3t 1- 8z 32z
k — _ — _ g _
;O:Skx = Posi () = (5 =) Pus (1) ( . )Pp21(1+ 1_836) (mod p).

By [23, Lemma 2.3], for u € Z, with u # 0 (mod p),

[p/4] (2k) (4k)

u’%lp%(u) =(-niy” (’éu)gl; (mod p).
k=0
Hence
p—1 2
1— 8z 1—8x+32x
k_ P ot
S = (1) (L)
(3.2) B

[p/4]
/1 — 8z + 3222 (2] 2k\ (4k 1—8x 2k
=( e > <k><2k)<8<18x+32x2)) mod )

From [23, Theorem 4.1] we know that

S L) oo i

Therefore, noting that p | (2}5) (;1112) for g < k < p and then applying the above we obtain

(Cset) = (S ()00 o )™
2

0
p—1 _ 8g)2 — 8x)2
- (2:> @Z) <82(1 (—18906:—)32962)2 (1 (1 —(éx f3>2w2>2))k

) G CRii)” oo
By [25, Theorem 2.6], for n # 0, —16 (mod p),
pzl <2k> S _ (nn+10)) SYFINEN

k) (n+16)k

k=0

_ (1-8x+3222)2
Set n = m Then

I z(l—4x)(1-8x)
n+16 (1 —32x2)2

1 — 8z + 322%)(1 — 32$2)>2

_((
and n(n+16) = ( z(1 —42)(1 — 8z)

Hence

p—1 p—1 (2k\2 4k p—1
(Toat) =L ! = X (1) (U)ot



as claimed.

Theorem 3.2. Suppose that p > 3 is a prime and x € Z, with 2> +1 # 0 (mod p).
Then

= x4+ 1\k
];OS’“( 8 )

/-3 L md 3(at — 22+ Dn + (22 + 1) (2? — 2)(222 — 1)
:_(p>nz_‘:)( ’ ) (mod p).
Proof. Since (_72) = (=), substituting = with 2+l in (3.2) yields
p—1 2 [p/4] 2
r+1\k _ /—(z*+1) 2k\ [(4k x k
kz_%s’“( 8 ) :< P )kz_o<k;><2k)(16(m2—l—1)2) (mod p).
Set t - 1 ( 2+1)2 Then 117_8t W AISO

8(x? — 2)(222 — 1)
(1.2 + 1)2
From the above and [23, Lemma 2.2 and Theorem 2.1] we deduce that

3 2
— 1 —
2(375—1—5) @ 1)2(1‘ x“+1) and 9t+7=

p—1

T+ 1\k
];)S’“( 8 )

G:) 11;8t :(_xjg_l)P 2(®)
(

n3 — 3(3t+5) n+9t+7)

p

2 2n 8(x2—2)(222—-1
—6(2% +1) ) Z ( :c2+1 )? - (a:21+1)2 (z* =2 +1) - 241 T ( (m2)4£1)2 )>

n=0 p

(
:_< —6(z? + 1) )p§:l<n —@;Jfl)g(x4_x2+1>n+w>
(=5

P70 p

B _(_3) pz—i (nS =32t =22 + Dn+ (22 + 1)(2? — 2)(22% - 1)) (mod p).

This proves the theorem.
Theorem 3.3. Let p be an odd prime. Then

Sy =(=1)"2 (1+52 1= 1)) (mod p?).
Proof. For m =1,2,...,p — 1 we see that

(O PRIV RS S S RN
k

m m! m!

(3.3)
= (-1)"(1 = pHy,) (mod p?).
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Thus,

(p—1)/2 (p—1)/2 2
2k 2k
p—1-2k _ — pH. p—1-2k

k=0
-1)/2 o2 -1)/2 (k2
v G N G

:41"_1( > 6 P > L6 H2k> (mod p?).

k=0 k=0

It is known that (see [21]) ,(5;01)/2 (k)

16F
(r—1)/2 (2k)2 1
3 p—1 p—1 2p —
k = _
> e o = (1) Ho = =3(-1) 2 5 (mod p)
k=0
Thus,
(p—1)/2 (2k)2 (r—1)/2 (2k)2
1 k
Sp-1=4" ( 160 P > 16+ HQ’“)
k=0 k=0
=41 (=) ( +3(2°71 = 1)) (mod p?)

Observe that 4771 = (2P~! — 1 +1)2=1+2(2""! — 1) (mod p?). We then obtain
p—1

(-2 S =142 = 1) +32P - 1) =1+52°"1 = 1) (mod p?).

This is the result.
Theorem 3.4. Suppose that p > 3 is a prime. Then

p—1
Z 150 =—-1 (mod p?).

Proof. It is clear that

= 1n5’n p=t /2] 2k n _pzl 2k 21]02 n
42k = k) 16F n:%” %)

n=1 n=0 k=0 k=0
Since
p—1 p—1 p—1
n+1 n
— 1 _
()= 2 (1) -2 ()
p+1 P (m-i—l ) P
(m + )<m+2> (m+1 ma Pty m+1)’
and (m—i-l) = miﬂ(p;ll) we see that

(3.4) :Z; n <7Z> - (f;n :&i J_r g) <p T:L 1>

19



and so

-1
X n\  Qk+Dp*—p (p—1Y _ p
D "(%) - (2k+1)(2k+2)< 2%k )Z_(2k+1)(2k+2) (mod p*)

n=2k
for k=0,1,..., . Thus, noting that p | ( ) for £ < k < p we obtain
= k) 168 £~ "\ 2k
n=1 k=0 n=2k

:_(pfl)/2 2k 2 »
N k) 1682k +1)(2k + 2)

(p-1)/2 2
= — 2k i( LA ) (mod p?).
k) 16F\2k+1 2(k+1)

By [21, Lemma 2.2],

p—1

ey 2%\ 1 p—1
2 = 2 = _—

( o )_<k>(—16)k (mod p*) for k=0,1,..., 5

Thus, taking n = % and z = 1,1 in (2.2) we deduce that
(3.5)

(r—1)/2 2 (p—1)/2 2
2k 1 ) 2k P B
— <k:> o1 0 (medp), kzo (k) 62k +1) -

Therefore,

CanSe _ N\ p P )
nz::l 4qn =- kzo (k) W<2k+1_2(k‘+1)>5_1 (modp),

This proves the theorem.
Theorem 3.5. Suppose that p > 3 is a prime. Then

p—1 S .
2F = 9g,(2) — p(gp(2)? +2(-1)"Z E,_3) (mod p?).

n=1 =1

EREOTRER:

n=2k

np o k 2k ) 42kn no £ k 2k ) 42kn

1 2

2k 1 n—1 151 (3
— H,_
po1t 1< >42k 2k Z<2k—1> p1+2;16’%
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It is well known that H,_1 = 0 (mod p?). By (3.3), (%)) = 1 — pHa (mod p?) for

kE<(p—1)/2. Also, p | (Qkk) for p/2 < k < p. Thus, from the above we obtain
p—1 p—1 (2k\2
S, 1
=5 glgk)k (1 —pHy) (mod p?).

p—1 (2k)2
> i = —2(-20,(2) + p0,(2)%) = 40,(2) — 204,(2)?  (mod p?).
k=1
Since p | (2k,k) for £ < k < p, from [15, (1.6) and Remark 1.1],
p—1 (2k)2 (»-1)/2 (2k)2 ,
k _ k p—1
Tohg 2k = > 16kkH2k;=4(_1) 2 Ep—3  (mod p)
k=1 k=1
Thus,
p—1 p—1 (2k\2 p—1 (2k\2 (p—1)/2 (2k\2
i:l (k) (1_ka):lz ) _B (k) "
np 2 £a16Fk kT 9 Lagkk 2 165k 2
n=1 k=1 k=1 k=1
—1
= 2¢,(2) — pgp(2)? —2(—1)"Z pE, 5 (mod p°
as claimed.

Finally we pose the following conjecture:
Conjecture 3.1. Let p > 5 be a prime. Then

2%\ 21k + 8
(k‘) ook Si=8p (mod p?)
k=0
P21 /oK 15k + 8 P
Z(k> 5 =3()p (modp?) or p#7
k=0
p—1
2k\ 6k + 1 1
> (%)) St s = (-0 p (mod ),
k=0
p—1
2k\ 3k + 1 p
k=0
DL /2K 30k + 7 —1>
Z SkE7 — )P (mOd p2)’
_ k
H(k)( 128) (p
p—1
2k\ 6k + 1 -5
2 <k> 160F Ok = <7>p (mod p*),
k=0 p
p—1
2k\ Tk + 1 —6
(k:) S00F k= (?)p (mod p*),
k=0



2k 0k + 11 ~1 )
e =11(— d
<k> —768)F (p)p (mod p7),
k=0
p—1
21 462k + 61 ~1 )
=61(— d
kzo<k> 1600F Ok 6(p)p (mod p7),
p—1
2k 165k + 23 —2 )
=23 — d
kz()(k) —I568)F 3(p)p (mod p°) for p#7,
p—1

2310k + 193 29
<k>+5k—193( : )p (mod p?) for p#13,29.

156832F
k=0
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