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Abstract

Let Z and Z™ be the set of integers and the set of positive integers, respectively. For
a,b,c,d,n € Z" let t(a,b,c,d;n) be the number of representations of n by ax(x +1)/2 +
by(ly +1)/2 + cz(z + 1)/2 + dw(w + 1)/2 (z,y,z,w € Z). Using theta function iden-
tities we prove 13 transformation formulas for ¢(a,b,c,d;n), and evaluate t(2,3,3,8;n),
t(1,1,6,24;n) and t(1,1,6,8;n).

2010 Mathematics Subject Classification: primary 11D85; secondary 11E20, 11E25, 30B10,
33E20.
Keywords: theta function; triangular number; quadratic form

1. Introduction

Let Z and Z* be the set of integers and the set of positive integers, respectively. For
a,b,c,d € ZT and n € {0,1,2,...} let N(a,b,c,d;n) be the number of representations of
n by ax? + by? + cz® + dw?, where z,y, z,w € Z. The famous four squares theorem states
that every positive integer is the sum of four squares, that is N(1,1,1,1) > 0. In 1828,
Jacobi showed that
N(1,1,1,1;n) =8 ) d.
d|n,4td

From 1859 to 1866, Liouville made about 90 conjectures on the evaluation of N(a, b, ¢, d;n).
Most of these conjectures have been proved (see Cooper’s survey paper [4], Dickson’s his-
torical comments [5] and Williams’ book [11]).

The numbers z(x + 1)/2 with x € Z are called triangular numbers. For a,b,c,d € Z*
and n € {0,1,2,...}, let t(a,b,c,d;n) be the number of representations of n by ax(z +
1)/24+byly+1)/2 4+ cz(z+1)/2 + dw(w + 1)/2 with z,y,z,w € Z. In 1832, Legendre
stated that

t(1,1,1,1;n) = 160(2n + 1),
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where o(m) is the sum of positive divisors of m. In 2003, Williams [10] showed that
t(1,1,2,2;n) = 40(4n + 3). In 2009, Cooper [4] determined t(a, b, c,d;n) for (a,b,c,d) =
(1,1,1,3), (1,3,3,3), (1,2,2,3), (1,3,6,6), (1,3,4,4), (1,1,2,6) and (1,3,12,12). In
[8], Wang and Sun obtained explicit formulas for t(a, b, c,d;n) in the cases (a,b,c,d) =

(1,2,2,4), (1,2,4,4), (1,1,4,4), (1,4,4,4), (1,3,3,9), (1,1,9,9), (1,9,9, 9), (1,1,1,9),
(1,3,9,9) and (1,1,3,9). In [9] Wang and Sun determined t(a, b, c,d;n) for (a,b,c,d) =
(1,1,2,8), (1,1,2,16),(1,2,3,6), (1,3,4,12), (1,1,3,4), (1,1,5,5), (1,5,5,5), (1,3,3,12),
(1,1,1,12), (1,1,3,12) and (1,3,3,4), and in [6] the author determined #(1,3,3,6;n),
t(1,1,8,8;n) and #(1,1,4,8;n).

For a,b,c,d € Z" and j = 1,2,3 let i; be the number of elements in {a, b, ¢,d} which
are equal to j. In 2005, Adiga et al.[1] showed that for a +b+c+d € {5,6,7},
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2—}—”( )z + 4113

t(a,b,c,d;n) = N(a,b,c,d;8n+a+ b+ c+d).

In 2008, Baruah et al. [2] proved that for a + b+ c+d =8,

2

t(a,b,c,d;n) = —
2 4 =Ly 4y

(N(a,b,c,d;8n + 8) — N(a,b,c,d;2n + 2)).

In [6], the author stated that for a,b,n € ZT with 24 a,
t(a,a,2a,4b;4n + 3a) = 4t(a, 2a,4a,b;n), t(a,a,6a,4b;4n + 3a) = 2t(a, a, 6a, b;n),
t(a,a,8a,2b;2n) = t(a,2a,2a,b;n), t(a,a,8a,2b;2n+ a) = 2t(a,4a,4a,b;n).

Section 2 of this paper is devoted to some definitions and preliminary facts. In Section
3, using theta function identities we prove 13 transformation formulas for ¢(a, b, ¢,d;n) in
Theorems 3.1-3.3. In Section 4, we use some of the transformation formulas in Section
3 to completely determine ¢(2,3,3,8;n), t(1,1,6,24;n) and ¢(1,1,6,8;n) for any positive
integer n.

2. Some definitions and preliminary facts

The definition of t(a,b,c,d;n) can be generalised to t(aj,...,ax;n). We write N =
{0,1,2,...}. For n € N and ay,as,...,a; € Z* (k > 2), set

t(ai,az,...,ax;n)

= H(:cl,...,xk)ezk In =a

1 1 1
$1(SU12+ )+a2:c2(:1022+ )+.”+akl’k(l’];+ )}‘

Since (79‘“7;)(7@ = a:(x2+1) and 8 - % = (2x 4 1)? — 1, it is easy to see that
(2.1)
t(ay,ag,...,ak;n)

zi(x1 + 1) xo(xg + 1) zp(xp + 1)

:2k‘{(1:1,...,:ck)€Nk}n =a 5 + as 5 +---+akf}‘

:H(:El,...,mk)eZk’8n—|—a1—i—---+ak:alx%—kagx’%—k---—{—akmi, 21’x1xk}‘

:2k’{(x1,...,xk)€Nk | 8n+ay+ -+ ap = a12? + agas + - - + apri, QTxlka



Let ¢(q) and 1(q) be Ramanujan’s theta functions defined by

= > 7 —1+2Zq and (g Zq""“/Q (lal < 1).
n=-—00 n=0
Then clearly
(2.2) > tlar,az, . axsn)g" = 260 (g")p(g") - w(g™) (gl < 1)
n=0

There are many identities involving ¢(¢q) and 1(q). From [2, Lemma 4.1] or [3], for |¢| < 1,

(2.3) ¥(9)* = @@ (),
2.4 0(q) = (g") + 2q9(¢°) = 2(a'®) + 24"V (¢™) + 20 (¢%),
0(0)* = v(¢*)* + 490 (q")? = (q")* + 4% (¢°)? + 4qv(¢*)?,
(2.5) P(Q)¥(q*) = p(®)¥(qh) + ao(d®)v(g"™).
Following [4], let {g1(n)} be given by
T =P =D an)g
k=1 n=1

Using Jacobi’s identity

) 9] k(k
[[(1-d""=> (=1
k=1

k=0

+

1

N

(lgl <1)

we deduce that

q¥(¢%) ﬁ(l —q* q( i g¥mm+) ) (

k=1

NE

(—1)*(2k + 1)g" D)

[e=]

o0

_ 3(2m+1)2/4
(Z RDIoY
> (X cvers)e

n=0 k,me{0,1,2,...}
4An=(2k+1)2+3(2m+1)2

:i( 3 (_1)<a—1>/2a)qn,

n=0 qbcZ*t 2

/N o~
M8

(_1)k(2k + 1)q(2k+1)2/4)

Ed

dn=a2+3b?

Hence

(2.6) gy = S (-1,
a,bcZ%t 2ta
An=a2+3b?



Let {a(n)} be given by

,':18

(1—¢*)(1—¢"™) (1= ¢™)(1—¢"") = Z n)g"  (lgl <1).

k=1

It is well known that a(n) is a multiplicative function concerned with a weight-2 newform
(see, for example, [7]). For a € Z and m € {1,3,5,...}, as usual, (%) denotes the Jacobi
symbol.

3. New transformation formulas for ¢(a,b,c,d;n)

In this section we present 13 transformation formulas for t(a, b, ¢, d; n), where a, b, ¢, d,n €
AR
Theorem 3.1. Let a,b,c € Z' and 2t a. For n € Z* we have

(
(
(

1) t(a,a,2b,2c;2n + a) = 2t(a,4a,b,c;n),
2) t(a,3a, 4a,2b; 2 + a) = t(a, a,6a,b;n),
3) t(a,3a,12a,2b; 2n) = t(2a, 3a, 3a, b;n).

w W e

Proof. Using (2.2)-(2.4),

oo

> t(a,a,2b,2c;n)q" = 169 (¢")*1h(q*) ¢ (q*)

n=0

= 160(¢")V(¢*) () (q*) = 16((q™*) + 24" (q*) (> (¢**) ().

Thus,
> t(a,a,2b,2¢;2n + a)g®"t* = 3269 (4% ) (4*)b(q*) ()
n=0
and so
> t(a,a,2b,2¢;2n + a)g" = 32(q") (") (¢")b(q°) =2 t(a,4a,b,c;n)q
n=0 n=0

which yields (3.1). Also, appealing to (2.5),

o0

Zt(a, 3a, 4a,2b;n)q"

n=0
= 16¢(¢") (> ) (") (g®) = 16(2(q*)1b(q*) + g (a®*)1b(a"*) (") (™).
Thus,

[e.9]

> ta,3a,4a,2b; 2n+a)g”" = 164" (4> ) (q" ) (q"**)0b (¢) = 164" () (g )b (¢™)

n=0

and so
> t(a,3a,4a,2b;2n + a)q" = 169 (¢")*¥(¢*)(¢") = Y _ t(a,a,6a,b;n)q"
n=0 n=0



This yields (3.2). In view of (2.5),

[e.9]

Zt(a, 3a, 12a,2b;n)q"

n=0

= 169(¢") Y (* V(") (q*) = 16((q° ) (¢*) + qp(a®*) (")) ¥ (a"?*) ().

Therefore
it(aﬁa, 12a, 2b; 2n)¢*" = 160(¢°" )1 (q** )1 (¢"**)9 () = 16¢:(¢°*) (g ) (¢*")
n=0
and so
i t(a,3a, 12a, 2b;2n)q" = 164 (q 2‘1) 3“ it (2a,3a, 3a,b;n)q"
n=0 n=0

which gives (3.3). The proof is now complete.

Theorem 3.2. Suppose that a,b,c € ZT and 2ta. Forn € ZT,

(3.4) t(a,3a,4b,4c;4n + 3a) = 2t(3a, 4a, b, c;n),
(3.5) t(a,3a,4b,4c;4n + 6a) = 2t(a,12a,b, c;n),
(3.6) t(a, 3a,48a,4b;4n) = t(a,6a,6a, b;n),
(3.7) t(2a, 3a, 3a, 4b; 4n + 3a) = 2t(2a, 3a, 3a, b;n).
Proof. By appealing to (2.5) and (2.4),
oo
Z t(a,3a,4b,4c;n)q"
n=0

= 16¢(¢*) (> ) (") (q*) = 16(o(¢" )0 (¢*) + ¢“ ()P (q"**)) v (¢*) b (¢*)
= 16((2(¢***) + 2¢° (g™ ")) (¢**) + ¢*(p(a®*) + 2> V(") (¢"**)) ¥ (¢* ) (¢*).

Thus,

> " t(a, 3a,4b, 4c; 4n + 6a)g* "0 = 3259 (g5 ) (") (¢*)1b(q™),

n=0

> t(a.3a,4b, de; dn + 3a)g " = 32¢%9(q" ) (¢ ) (0") (¢"),

> t(a,3a,4b,48a;4n)g™ = 160(¢***) v (q"*)eb(q*")1b(¢**)

n=0
and so
> t(a,3a,4b,4c;4n + 6a)q™ = 32¢(¢")p(q"*)(a")¥(¢%) =2 t(a,12a,b, ¢;n)q",
n=0 n=0



Z a,3a,4b, 4c; 4n + 3a)q" = 320(¢* ) (*)P(")¥(¢) =2 t(3a,4a,b,c;n)q",

Z a,3a,4b,48a; 4n)q" = 160(¢°" )1 (¢"** ) (") (¢") = 16¢:(¢")¥(¢*) ¥ ("),

which yields (3.4)-(3.6). To prove (3.7), we appeal to (3.1) and (3.3) to see that

t(2a, 3a, 3a, 4b; 4n + 3a) = 2t(a, 3a, 12a, 2b; 2n) = 2t(2a, 3a, 3a, b;n).

Theorem 3.3. Suppose that a,b € Z* with 2{ a. For n € ZT,

(3.8) t(2a, 3a, 3a, 8b; 8n + 9a) = 4t(3a, 3a, 4a, b;n),
(3.9) t(a,a,6a,8b;8n + 13a) = 4t(a, a, 12a,b;n),
(3.10) t(a,a,6a,8b;8n + 4a) = 2t(a, a,3a,b;n),
(3.11) t(a,a,6a,8b;8n + 6a) = 4t(2a, 2a, 3a, b; n),
(3.12) t(2a, 3a, 3a, 8b; 8n + 12a) = 4t(a, 6a, 6a, b;n),
(3.13) t(2a, 3a, 3a, 8b; 8n + 6a) = 2t(a, 3a, 3a, b;n).

Proof. By (3.1), (3.4) and (3.5),

t(2a, 3a, 3a, 8b; 8n + 9a) = 2t(a, 3a, 12a, 4b; 4n + 3a) = 4t(3a, 3a,4a, b;n),
t(a,a,6a,8b;8n + 13a) = 2t(a, 3a, 4a, 4b; 4n + 6a) = 4t(a,a, 12a,b;n).

This proves (3.8) and (3.9). By (2.3), (2.4) and (2.5),

o0

Zt(a, a, 6a, 8b;n)q"

n=0

= 169(¢)*%(¢*)(¢™) = 160(q" ) (a* (™) ( *)

= 16(0(q") +2¢%(¢*)) (9(a ) (¢*) + **(d**)(a* ) (™)

= 16(12(¢"*) + 240 (¢"**) + 24" ¥(¢™))

X (0(g"5")(¢*) + 24" (¢ (¢*) + @ (a" ") (¢*) + 20° 0 ()b (¢%2) (™).

Thus,

Z t(a, a, 6a, 8b; 8n + 6a)g>" 6

n=0

= 169(¢%) (¢(q"%") - 2¢° Y (¢***)¥(d***) + 24" (¢***) - ¢* (") ¥ (¢***))
= 64¢° (") (q***) b (¢** )b (¢*) = 64¢°*1p(¢*%) 2 (q** ") (¢*)

and

o
Z t(a, a, 6a, 8b; 8n + 4a)g " H1e
n=0

=16 - 2¢"*(0(¢***)¥(¢***) + ¢**(q"**) ¥ (¢”*)) ¥ () ¥ (¢*)

6



— 32q4aw(q8a)Zw(q24a)w(q8b).

It then follows that

> t(a,a,6a,8b;8n + 6a)q" = 64¢(¢**)*P(q**)b(¢") = 4 1(2a,2a,3a,b;n)q"
n=0 n=0

> t(a, a,6a,8b;8n + da)g" = 320(¢")*¥(¢*)(¢") =2 t(a,a,3a,b;n)q"
n=0 —

which yields (3.10) and (3.11). By (2.3), (2.4) and (2.5),

o0

Zt(Qa, 3a, 3a,8b;n)q"

n=0
= 16¢(¢**)(¢**)*¥(¢*) = 160(¢* ) (¢**) ¥ (¢°*) (™)
= 16(2(¢"*") + 26> (¢**)) (0(a"*)(¢**) + ®*o(a* )P (¢** ) (¢®).

Thus
i t(2a, 3a, 3a,8b; 4n)g*" = 160(q"**)*¢(¢*")¥(¢™),
=0
i t(2a,3a,3a,8b; 4n + 2a)¢*"*** = 16> (¢**)p(¢"**) ¥ (¢***) ¢ (¢™)
o
and so
i t(2a, 3a, 3a, 8b; 4n)q" = 16¢(¢>) ¥ (g2 (¢?)
o 16((¢™) + 4g° 9 (q"**)*) (™)1 (¢*),
i t(2a,3a,3a,8b; 4n + 2a)q" = 160(q")p(4**)1b(¢°*)(q™)
L 16((¢*) + 24" (¢*)) (p(g"?*) + 2¢°*(a***)) 1 (a* ) (¢®).
Hence,

> t(2a,3a,3a,8b; 4(2n + 3a)) > = 64¢° (> ) (¢ *(*),

o0
3" (24,34, 3a,85;4(2n + a) + 2a)g>"+
n=0

= 32¢"(2(q" ) (¢**) + **@(¢* )V (d**))(@® ) (¢*) = 32"V (d* )Y (¢°*)*Y(¢™).

This yields

> " t(2a,3a,3a,8b;8n + 12a)q" = 641 (q")¢b(q° Z a, 6a, 6a, b;n)
n=0 =



> t(2a,3a,3a,8b;8n + 6a)q" = 32¢(¢")¢(¢**)*¥(¢") = 2 t(a, 3a, 3a,b;n)q"
n=0

which implies (3.12) and (3.13). The proof is now complete.

Remark 3.4 With minor changes in the proofs of Theorems 3.1-3.3, one can obtain
corresponding generalised results for ¢(ay,...,ag;n). For instance, (3.1), (3.4) and (3.5)
can be generalised to

t(a,a,2by,...,2b,;2n + a) = 2t(a,4a,by, ..., b;n),
t(a,3a,4by,...,4b,;4n + 3a) = 2t(3a,4a, by, ..., by;n),
t(a,3a,4by,...,4b.;4n + 6a) = 2t(a,12a,by,...,b.;n),

where a,by,...,b, € ZT with 2t a.

4. Evaluation of ¢(2,3,3,8;n), t(1,1,6,24;n) and
t(1,1,6,8;n)

Theorem 4.1. Let n be a positive integer.
(i) If 2n 4+ 5 = 3°ny (31 n1), then

t(1,1,6,24;2n 4+ 1) = 1(2,3,3,8;2n + 3) = 4(c(n1) — (—=1)"a(2n + 5)).
(ii) If n +1 = 293Pny with 24 ny and 31 ny, then
t(1,1,6,24;2n — 2) +£(2,3,3,8;2n) = 2°Tg(ny).
Proof. From (3.1), ¢(1,1,6,24;2n + 1) = 2¢(1,3,4,12;n) = ¢(2,3,3,8;2n + 3). If
2n + 5 = 3Pny with 3 t ny, then #(1,3,4,12;n) = 2(c(n1) — (=1)"a(2n + 5)) by [9,

Theorem 3.4]. Thus, (i) is true.
Now we prove (ii). Since 1(¢)? = ¢(9)1(¢%) = (#(q") + 2q¥(¢*))(¢?),

Z (1,1,6,24;n)¢" = 169(q)*0(¢°)1(¢*") = (160(¢") + 32q0(¢*) v (a*)v(a°)v (¢*).

Thus,

it(la 1,6,24; 2n)¢*" = 1690(q" )1 (¢*)1(¢°)1b(¢*)
and so 7
(4.1) i}t(la 1,6,24;2n)¢" = 160(¢° ) (0)¥(¢*) ¥ (™).
Similarly, _

> 1(2,3,3,8n)¢" = 16¢(¢°)(¢°)* b (¢°) = (160(q"?) + 324°(¢*))¥(a®) v (a*)v ().

n=0



Hence,

D H(2,3,3,8;2n)¢™" = 169:(¢°)1 (") v (¢*)p(g"?)
n=0

and so

(4.2) Z 13,3,8;2n)¢" = 16:(q)v(¢°)¢b(q*)(¢°).

From (4.1), (4.2) and (2.5),

(o]
D (#(2,3,3,8;2n) + £(1,1,6,24;2n — 2))q"
n=0

= 169(q)¥(¢*) (¢(a®)¥(q*) + qo(d®)¥(q"?)) = 16¥(q)*¥(¢*)*.

Hence
t(2,3,3,8;2n) + t(1,1,6,24;2n — 2) = ¢(1,1,3,3;n).

If n+ 1 = 2°3%n; with 24 ny and 3t nq, then ¢(1,1,3,3;n) = 2° g (n;) by [8, Lemma
4.1]. Thus, (ii) holds and the proof is complete.

Theorem 4.2. Let n be a positive integer.
(i) If n + 1 = 2°35ny with 2t ny and 31 ny, then

t(2,3,3,8;4n + 2) = t(1,1,6,24; 4n) = 2°To(ny).
(ii) If 2n + 1 = 3%ny (31 ny), then

t(2,3,3,8;4n) = 8(o(n1) + a(2n + 1)),
t(1,1,6,24;4n — 2) = 8(o(n1) — a(2n + 1)).

Proof. If n 4 1 = 2°3°%n; with 21 n; and 31 n, from Theorem 4.1,
t(1,1,6,24;4n) +t(2,3,3,8;4n + 2) = 255 (ny).

By [6, Theorem 2.14], (1,1, 6, 24; 4n) = 245 (ny). Thus, (2,3, 3, 8;4n+2) = 2°To(ny).
This proves (i).

Now we consider (ii). Suppose that 2n + 1 = 3%n; (3 1 n1). We first assume that n
is odd and n = 2m + 1. By (3.12), #(2,3,3,8;8m + 12) = 4¢(1,1,6,6;m). This together
with [7, Theorem 4.15] yields

t(2,3,3,8;8m +4) = 4t(1,1,6,6;m — 1) = 8(c(n1) + a(4m + 3)).
Now, appealing to Theorem 4.1(ii),
t(1,1,6,24;8m + 2) = 160 (n1) — t(2,3,3,8;8m + 4) = 8(c(n1) — a(4m + 3)).

From now on suppose that n is even and n = 2m. From (3.11) (with a = 1, b = 3 and
n=m — 1) and [7, Theorem 4.15],

t(1,1,6,24;8m — 2) = 4t(2,2,3,3;m — 1) = 8(c(n1) — a(dm + 1)).

9



Now applying Theorem 4.1(ii) gives
t(2,3,3,8;8m) = 160(ny) — t(1,1,6,24;8m — 2) = 8(o(n1) + a(dm + 1)).
Putting all the above together proves the theorem.

Theorem 4.3. Let n € Z+.
(i) If n + 1 = 2°35ny with 2{ny and 31 ny, then
3

t(1,1,6,8; 2n) = 20+2 (35“ (—
ni

)+ (0 ) ().

din1
(ii) If 2n + 3 = 3%ny with 31 nq, then

#(1,1,6,8,2n + 1) = 2(3/3“( ) )Zd( ) Y (-p@g

d\nl a,bEZ"',Q{a
8n+12=a?+3b2

Proof. From [6, Theorem 2.7,
#(1,1,6,8:2n) = 1(1,2,2,3;n) and #(1,1,6,8;2n + 1) = 2¢(1, 3, 4, 4; n).
By (2.1) and [4, Theorem 5.4], if n + 1 = 2°3°%n; with 2{n; and 3 { ny, then

s (D) T5 )
d

ni

(s () S

ni

(2 a0 ()

din1

Thus part(i) is true.
Let us consider part(ii). By (2.1) and [4, Theorem 5.6], if 2n + 3 = 3%n; with 3 { ny,

then 1 _3 /3
#(1,3,4,4;n) = (3ﬁ+ - (—1)ﬁ<n—1)) 3 E(&) —21(2n + 3).
dlmy
From the above and (2.6),
#(1,1,6,8:2n + 1) = 2t(1,3,4, 4;n) = 2(35+1 — (—1)5(;13)) 3 d(n13/d) — 4g1(2n + 3)
dlmy
()T 3 e
dlna a,beZT 2a

8n+12=a?+3b?

Observe that (—1)5(;—11) =3n; = 2n+3 = (-1)"! (mod 4) and so —(—1)*(=1) =
(—=1)". We therefore obtain part(ii). The proof is complete.
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